Describing Circular motion

Uniform Circular Motion

In order to understand circular motion, we first need to discuss how to subtract vectors.  The easiest way to explain subtracting vectors is to describe it as adding a negative vector.  For instance:

When we add two vectors we add them “head-to-tail”
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Here in Fig 7.1 we have shown two “free” vectors.  We add them to find the resultant like this:

 (
B
) (
A
)

 (
Resultant
)
 (
Fig 7.2
)






Since this is a vector, not only do we need a magnitude to completely describe it, we also need a direction.  For the purposes of circular motion, we will discuss direction a little later.

When we want to subtract two vectors, think of it as adding a negative vector.  A negative vector is defined as equal in magnitude to the original, but opposite in direction.

For example:
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With this in mind, let’s do the problem B – A :
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             We add them “Head-to-tail”
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Now that we understand how to subtract vectors, consider circular motion.
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)An object’s position relative to the center of a circle is given by the position vector r.  As the object moves around the circle, the length of the position vector does not change, but its direction does.  To find the object’s velocity, you need to find its displacement vector over a time interval.  The change in position, or the object’s displacement, is represented by ∆r. (remember that means r2 – r1)
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∆r is the displacement during the time interval ∆t, over which time the object traveled.  Recall that a moving object’s average velocity is, so for an object in circular motion,  .  The velocity vector has the same direction as the displacement for circular motion.

At any point in the motion of the object as it travels in the circle, the instantaneous velocity vector is tangent to the circle.  And remember that at any point on a circle, the tangent line is perpendicular to the radius drawn to that point.  So, in our diagram, the velocity vectors are perpendicular to the position vectors at that given instant.  To illustrate this, imagine what would happen if you were swinging a mass at the end of a rope in a circle.  Now imagine what the object’s motion would be if the rope suddenly broke.  The mass would travel in a direction that was tangent to the original circular motion at the instant the rope broke.  Of course, here on Earth, the mass would then follow a parabolic trajectory of a projectile.

Centripetal acceleration

The word Centripetal is defined as:  
	centripetal
	   



		1. Moving or directed toward a center or axis.
2. Operated by means of centripetal force.
3. Physiology Transmitting nerve impulses toward the central nervous system; afferent.
4. Botany Developing or progressing inward toward the center or axis, as in the head of a sunflower, in which the oldest flowers are near the edge and the youngest flowers are in the center.
5. Tending or directed toward centralization: the centripetal effects of a homogeneous population.






In your book, it is simply “Center-seeking.”

As you can see, the term centripetal acceleration would be used to describe acceleration whose direction is toward the center of a circle.
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)Recall that acceleration is defined as the change in velocity per unit time   Refer to Fig 7.5a and Fig 7.5b, using the same method we used to determine the change in displacement, we can find the change in velocity.
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Note that the direction of ∆v in Fig 7.6 is toward the center of the circle.  This reinforces the notion that the direction of the acceleration is toward the center of the circle.

The nice thing that happens now between the triangles in Fig 7.5b and Fig 7.6 is that they are similar.  If you remember from discussions in Geometry class about similar triangles, you will remember that in similar triangles, the side lengths are proportional.

Using this fact, we can write a proportion between the two triangles as such:



This equation is not changed if we divide each side by ∆t.



Since we said earlier that  and , we can substitute these values into our equation to get:



Finally, by solving for , we arrive at an equation for centripetal acceleration. (use the cross-product)


Remember that the direction of the centripetal acceleration always points toward the center of the circular motion.

The velocity in our equation is the tangential instantaneous velocity at a given time.  However, in order to measure the speed of an object moving in a circle, we need to measure its period, T.  Recall that “period” is the time it takes for one complete oscillation or revolution.  During this time, the object travels a distance equivalent to the circumference of the circle,.  The object’s speed, then, is represented by .  If we substitute this expression into our equation for centripetal acceleration, the following equation is:






Reworking this equation we arrive at:



Since we have an acceleration, we must have a force acting on the object.  Recall from our discussion of Newton’s Second Law that .  This also applies to cases of centripetal acceleration as well.  The force that causes an object to travel in a circle is called the centripetal force.  In the case of a mass at the end of a string, the centripetal force is being applied by the tension in the string.  In the case of an orbiting planet, gravity supplies the centripetal force.  When a car goes around a curve, the inward force is the frictional force of the road on the tires.  This force, according to Newton’s Second Law is as follows:



Motion in a vertical circle
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)These equations describe the motion of an object that is traveling at a constant speed in a circle.  Examples of this would be motion in a horizontal circle (like a game of tether-ball), a sock in a spinning washing machine, or a penny sitting on a spinning record player.  All of these examples describe uniform circular motion.  But how does motion in a vertical circle affect these equations?  Consider a mass, m, at the end of a string of length r being whirled in a vertical circle.  Look at a free-body diagram at a specific instant.
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In this figure,  is the force of tension in the rope,  is the vertical component of the force of weight, and  is the horizontal component of the force of weight.

In Figure 7.7, you will notice that the force of gravity is acting on the mass.  Because we are including the mass of the object, the speed is not constant around the circle.  The object speeds up on the downside and slows down on the up side.  This means the tangential acceleration,  .  Still, the magnitude of the radial (centripetal) acceleration is  .

If we consider any point in the motion of the object, we can write Newton’s Second Law for the radial direction as follows:



And for the tangential direction:


where  is the acceleration in the tangential direction

So what happens at the bottom and top of the circle?  At the bottom of the circle, the velocity of the object is at a maximum .  From any point beyond the bottom of the circle, the object begins slowing down.  The object slows down until it reaches the top of the circle.  At the top of the circle, the velocity of the object is at a minimum .  At any point beyond the top of the circle, the object begins speeding up.  This relationship continues as the object continues to spin in along this path.  How does this affect the forces acting in this system?

At the top and bottom of the circle, we only consider the radial direction because the acceleration only has a radial component at those points.
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In figure 7.8a, we look at what happens at the bottom of the circle where the velocity of the object is at a maximum.  The force of tension that the rope must apply in order to keep the mass, m, in circular motion is a combination of the centripetal force,  and the force of weight, .

 
If we rewrite the equation to solve for the centripetal force we get:



In figure 7.8b, we look at what happens at the top of the circle where the velocity of the object is at a minimum.  The force of tension that the rope must apply in order to keep the mass, m, in circular motion is a combination of the centripetal force,  and the force of weight, .



If we rewrite the equation to solve for the centripetal force we get:



At the top of the circle, something curious happens if the object is spinning just fast enough to keep the rope taut but slow enough so that the rope does not have to apply any force.  Or in other words, where .  So what is the minimum speed for which the string remains taut?













This minimum velocity is called critical velocity.  This is the velocity at which the object must travel in order to stay in circular motion.  If you have ever swung a bucket of water over your head or rode a looping roller coaster, you can see why knowing how to calculate this value could be of great importance.




Example problems:

1.  A 25.0 kg child moves with a speed of 1.93 m/s when sitting 12.5m from the center of a merry-go-round.  Calculate a) the centripetal acceleration and b) the centripetal force.













2.  A 13500 N car traveling at 50.0 km/hr rounds a curve of radius 2.00 x 102m.  Find a) the centripetal force b) the centripetal acceleration of the car, and c) the minimum coefficient of friction between the tires and the road so that the car can round the curve safely.














3.  A looping roller coaster ride has a radius of curvature of 7.50m.  At what minimum speed must the coaster be traveling at the top of the curve so that the passengers will not fall out?
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